The electronic structure and properties of protactinium and its oxides (PaO and PaO 2 ) have been studied within the framework of the LDA, GGA(PBE), LDA + U and GGA(PBE) + U implementations of density functional theory. The dependence of selected observables of these materials on the effective U parameter has been investigated in detail. The examined properties include lattice constants, bulk moduli, effect of charge density distributions, the hybridization of the 5f orbital and the energy of formation for PaO and PaO 2 . The LDA gives better agreement with experiment for the bulk modulus than the GGA for the Pa but GGA give better structural properties. We obtained that PaO is metallic and PaO 2 is a Mott-Hubbard insulator. This is consistent with observations for the other actinide oxides. We discover that GGA and LDA incorrectly give metallic behavior for PaO 2 . The GGA(PBE) + U calculated indirect band gap of 3.48 eV reported for PaO 2 is a prediction and should stimulate further studies of this material.
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I. INTRODUCTION
Protactinium is the first element in the actinide series with a 5f electron. 1 In some systems (PaO 2 , UO 2 , NpO 2 , PuO 2 ), the presence of 5f electrons leads to an improper description of the electronic and the structural properties by DFT. [2] [3] [4] [5] [6] [7] Several approaches have been developed to overcome these shortcomings of DFT such as the self-interaction correction (SIC), DFT hybrid approach, DFT + U, GW etc. The DFT + U (LDA + U and GGA + U) approach has been shown to effectively correct many of the deficiencies observed by this class of materials with regards to the band gap. [8] [9] [10] This approach introduces an on-site Hubbard U and the Hund's J. Dudarev et al. 11 combined these two terms in the rotationally invariant formalism to a single term U e f f =U−J, referred to as the simplified LSDA + U. The introduction of this adhoc parameter leads to a significant improvement in the description of some 5f systems where DFT fails but the choice of the value of this parameter is debatable. The U e f f parameter can be obtained: (i) from constrained LDA approach, 8 (ii) from constrained RPA, 12 (iii) from a self-consistent approach, 13 and (iv) from fitting the parameter to experimental observables. 14 Pa and its oxide are used in scintillators for detecting Xrays, for radioactive dating (determination of ancient artifact), in cathode ray tubes with bright green fluorescence, as high temperature dielectrics for ceramic capacitors, in nuclear weapons (used as support in nuclear chain reactions), etc. 15 These materials have downsides which has limited its study, namely (i) the high toxicity and radioactive nature and (ii) the limited availability. These materials are mainly found as a byproduct in nuclear reactions. Furthermore, these materials are (iii) strongly correlated, giving rise to failures by conventional DFT methods.
The understanding of the electronic and structural properties is paramount to harness and control these materials optimally. The elements in the 5f series with localized electrons possess greater atomic volumes and symmetrical structures compared to those with itinerant electrons. 16, 17 Hence, Pa exists in the bct, fcc and orthorhombic (α-U) phase at standard temperature and pressure (STP), high temperature and high pressure respectively. Pa metal possesses itinerant 5f electrons with characteristic properties such as superconducting and high vaporization. 15, 18, 19 There has been significant interest in the understanding of Pa metal, 20 due to its unique behavior as the first element with a 5f electron. The effect of pressure induced phase transitions has been explored theoretically and experimentally. Haire et al. 21 experimentally showed that Pa metal undergoes a pressure induced structural phase transition at 77 GPa from the bct structure (space group I4/mmm) to an orthorhombic, α-U structure (space group Cmcm) with ∼ 30% atomic volume reduction and no subsequent phase transition. This was predicted by theoretical studies, 16, 22 which attribute this to the increase in 5f electron participation in the bonding.
The studies of protactinium oxides (PaO and PaO 2 ) have been limited to the mode of synthesis and purification for the production of Pa metal. 15 Prodan et al. 23 used the density functional hybrid approach to study actinide dioxides and obtained a band gap of 1.4 eV for PaO 2 . To the best of our knowledge, no further studies have been performed to shed more light on the electronic structure of PaO 2 . Hence, a proper description of the electronic and structural properties of these oxides within the DFT and DFT + U methods is appropriate to understand the physics of these materials.
A systematic first principles study of the dependence of the effective Hubbard-U parameter on LDA + U and GGA + U functionals in Pa and its oxides is lacking. In this work, the DFT methodology is applied to calculate the electronic and structural properties of Pa metal. Using a semi-empirical fit, we then optimize the Hubbard U parameter to give a proper description of PaO and PaO 2 . The structural and electronic properties of these oxide materials are determined to investigate the role played by the 5f electrons. In Section II, a brief description of the theoretical and com-putational methodologies is presented. In Section III, the results and discussions for Pa and its oxides are presented, followed by the conclusions in Section IV.
II. THEORY AND COMPUTATIONAL DETAILS
All calculations were performed using density functional theory 24 as implemented in the VASP code. 25 The electron wave functions were described using the projector augmented wave (PAW) method of Blöchl in the implementation of Kresse and Joubert. 26 The LDA 27 and PBE 28 form of the GGA exchange-correlation potentials were used together with their LDA + U and GGA + U variants. An adequately converged kinetic energy cutoff of 500 eV, 500 eV, 550 eV was chosen to ensure fully converged total energies for Pa, PaO and PaO 2 respectively. A spacing of k-points of 0.2/Å fine mesh for the grid is used to sample the Brillouin zone, and Methfessel-Paxton smearing 30 with a width of 0.2 eV was used to integrate the bands at the Fermi level. The total energy, electronic band structure and density of states (DOS) were calculated using the tetrahedron integration method with Blöchl corrections.
Subsequently, we introduce the Hubbard U parameter for the onsite interaction strength. The U parameter was computed by optimizing the lattice parameter with respect to U. This resulted in differences for a range of results involving the physical structure, the electronic structure and the energetics within the GGA and LDA schemes for the oxides. Results presented in this work uses LSDA, GGA, LSDA + U and GGA + U for the oxides but without the U parameter for Pa atom.
A method using the least-squares fit, 31 as implemented in the MedeA-MT module, was used to obtain the elastic constants. This uses the tetrahedron method for the Brillouin zone integrations. The elastic properties were calculated from the Hill values which are a geometric mean of the Voigt and Reuss values. The eigenvalues of the stiffness matrix gives an indication of the mechanical stability of the systems under consideration, which is used to obtain the elastic constants. The Hill values 32 were used in the estimation of longitudinal, shear and mean sound velocities, and the Debye temperatures. 33 The energy of formation for each structure was calculated by taking the difference between the total energy of the compound (PaO n ) and the energies of its constituents in their corresponding bulk forms:
where n is either 1 or 2, The phonon calculations were done using the general direct approach of lattice dynamics as implemented in the MedeA-PHONON package. 34 
III. RESULTS AND DISCUSSION

A. Preamble
We carried out self consistent calculations to determine the ground states of Pa and its oxides using spin-polarized (SP) and spin-orbit coupling (SOC) within the DFT + U approach. The inclusion of the effective Hubbard U is excluded for Pa metal because DFT gives a reasonable description of the metal. 16 Pa element is a heavy metal with an atomic number of 91, hence relativistic effects are important. In order to account for the relativistic effects in these systems, the inclusion of SOC is important. In this study, we have shown that in order to obtain the correct properties of PaO 2 , the effect of SOC has to be taken into account.
The U parameter in this study is optimized with respect to the lattice constant. The U parameter obtained is used to calculate the structural and electronic properties of the systems. This gives a qualitatively and quantitatively better description of the properties of PaO and PaO 2 .
The U parameter accounts for the onsite Coulomb interaction which leads to the localization of the 5f electrons in these systems. In contrast, the standard DFT fails to account for the localization of the electrons, but leads to the delocalization which is a consequence of the Pauli-exclusion principle. The localization of the 5f orbitals leads to a non-magnetic (NM) insulating ground state for PaO 2 but does not change PaO from metallic to insulating.
In order to obtain the correct ground state for PaO 2 for a given U parameter, we lifted the symmetry constraints in the calculations of the electronic and the structural properties allowing the systems to evolve and explore all of phase space, i.e. all stable and metastable phases, including magnetic phases. This has an effect of significantly increasing the computational time as all k-points in the Brillouin zone are treated independently, i.e. the special k-point set is not reduced by symmetry.
Gryaznov et al., 35 studied UN, UO 2 and PuO 2 with the inclusion of SOC and showed that to correctly describe these systems the lifting of symmetry constraints is absolutely essential. There have been various methodologies proposed by different authors on how to achieve the true ground state within the DFT + U formalism including SOC, such as monitoring the occupation matrix, 36 ramping the Hubbard U parameter, 37 etc. In this study, the symmetry constraints are lifted and the correct ground state is obtained for PaO 2 within the SOC scheme for all the values of U considered. In our work, the symmetry constraints are lifted and the correct ground state is obtained for PaO 2 within the SOC. However, the SP does not yield the correct ground state because relativistic effects are unaccounted for. Pa has three crystallographic forms which are (i) the body centered tetragonal structure (bct) at STP which transforms to (ii) the face centered cubic structure (fcc) at elevated temperature, and which undergoes a pressure-induced structural transformation to the (iii) α-Uranium structure. The Pa (bct) phase is presented in Fig. 1a .
B. Crystal structures
In Fig. 1b , we present the PaO system which crystallizes in the NaCl structure.
PaO 2 contains antiferromagnetically (AFM) ordered Pa atoms with an underlying fluorite structure that leads to a double tetragonal unit cell (with c = √ a) when the magnetic ordering is taken into account. The AFM ordered structure is shown in Fig. 1c , where the magnetic ordering is in the z-axis.
C. Structural properties
As indicated earlier, Pa has been observed to exist in various different phases. The STP phase which is the bct structure has experimental lattice parameters of a 0 = 3.925 Å and c = 3.238 Å. 21 LDA is known to underestimate the lattice parameter while GGA generally overestimates the lattice parameter. However, in the early actinides lattice constants obtained using the GGA are found to be better corroborated with experiment compared with the LDA. 38 In Table I , we show our calculated values of the lattice parameters obtained using the GGA and the LDA within the SOC and the SP schemes. Upon complete optimization, the system evolves to a NM ground state consistent with experiment. The lattice parameter, density and volume obtained within the GGA approximation are more comparable to experiment than LDA. As far as the structural properties are concerned, the extension of our methodology to include the Hubbard U parameter is not necessary in the case of metallic Pa.
In Fig. 2 , we present the calculated lattice parameter of PaO as a function of the U parameter, where the dotted line indicates the experimental value of a 0 . The variation of the lattice parameter is a monotonically increasing function with respect to the U parameter within the SOC and SP scheme. At U= 2.5 eV, the GGA + U (SOC and SP scheme) yields the experimental lattice parameter for PaO. The corresponding result using the LDA + U (SOC and SP scheme) significantly underestimates the lattice parameter. Increasing U to a value of 5.5 eV still does not give a sufficiently accurate result for the lattice parameter within the LDA + U scheme. This shows that the use of the U parameter is better suited within GGA than LDA in the present case. Since a value for U that is too large pushes the f orbitals too far down into the O2p based levels. 39 At U= 0 eV, PaO (within SOC scheme) results in a magnetic ground state. This system evolves with the increase of the U parameter to a NM metallic ground state. This observation is similar to the SP case for the GGA + U. LDA + U gives a NM metallic ground state at all values of the U parameter.
The PaO 2 structure is fully geometrically optimized using the SP and SP + SOC (hence forth referred to as SOC) within the DFT + U. The inclusion of SOC in the fluorite structure of PaO 2 without SP does not transform the structure to the AFM ordered state similar to UO 2 . Rather, the inclusion of SP does yield structures which are AFM ordered leading to the symmetry breaking for the PaO 2 . For consistency, the structure used in the study is the tetragonally distorted structure obtained when the PaO 2 is in the AFM ordered state. In Fig. 3 , the calculated lattice parameter as a function of the U parameter is presented where the dotted line indicates the experimental value. The variation of the lattice parameter is a monotonically increasing function with respect to the U parameter within the SOC and SP schemes. Fig. 3a and 3b shows the variation of a 0 and c 0 respectively as a function of the U parameter. For U = 4.0 eV, the LDA + U with SOC yields a reasonable lattice parameter (5.501 Å) which is approximately equal to the experimental value (5.509 Å), compared to the LDA + U with SP, which grossly underestimates lattice parameter. On the other hand, for U = 2.0 eV, the GGA + U with SOC gives a slightly higher (about 0.8 %) lattice parameter for PaO 2 and only slightly underestimates (about −1.01 %) the lattice parameter using the SP scheme. With this value for U we go on to evaluate all further properties of interest for this PaO2.
Our conclusions for PaO 2 about the accuracy of GGA over LDA within the DFT + U schemes are similar to those for PaO.
D. Elastic properties
We find Pa to be elastically stable due to the absence of negative elastic constants. In Table I , we present the theoretical and experimental bulk modulus for Pa. There are discrepancies between previously reported theoretical 38 and experimental 40, 41 values for the bulk modulus of Pa. In these previous studies, the value of the experimental bulk modulus obtained was found to be high compared to the theoretical value. These discrepancies were suggested to result from (i) the presence of a small amount of hard martensitic phase not detectable using X-rays and/or (ii) the presence of large experimental errors in the early diamond anvil cell techniques. 20 Recent experimental studies by Haire et al. 21 obtained a bulk modulus of 118.00 GPa. This value is lower than previously reported experimental results. In our study using LDA with SOC, the bulk modulus is found to be 117.93 GPa which compares excellently with the reported experimental value. The bulk modulus obtained using GGA with SOC is 98.18 GPa, which is slightly lower than the experimental value shown in Table I .
The elastic properties of PaO using GGA and GGA + U (SOC scheme) is presented in Table II . The elastic constants obtained for PaO are all positive definite, hence PaO is elastically stable. But the value of the c 44 elastic constant for PaO within GGA and GGA + U using the SOC approach is very low compared to the other elastic constants. We calculated the elastic constants for NM and SP cases. The c 44 elastic constant obtained using NM and SP is also very low compared to the other elastic constants. This is an indication that the material will readily yield to shear stresses. The Debye temperature (Θ D ) is calculated to determine the stiffness of the system. The Θ D for PaO is 275.4 K.
The elastic constants obtained for PaO 2 are all positive definite. Hence, the PaO 2 structure is elastically stable within GGA and GGA + U as presented in Table III . The elastic properties obtained using GGA are less than those using LDA. This is also consistent with the GGA + U and LDA + U. This is expected because the value of the lattice parameter is higher within the GGA than those obtained using the LDA. The Debye temperature for PaO 2 is 409.5 K. This material is stiff and suggestive of covalent and ionic character. We conclude that PaO 2 is significantly stiffer compared to PaO. The bonding character is fully analyzed in the next subsection.
E. Valence charge densities of PaO and PaO 2
The computed valence charge density using the GGA + U optimized structures (SOC scheme) is presented to elucidate the bonding characteristics and crystal structures of PaO and PaO 2 . The computed charge density distribution plot for PaO and PaO 2 is in the (100) plane. The electron density is indicated by the color scale on the side (blue is devoid of electrons and red indicates a high concentration of electrons). The charge densities plotted pertain to the valence states only, summed over both spin directions.
In the PaO crystal structure, the Pa (conventional oxygen is lacking two electrons). The valence charge density for PaO is calculated at U = 2.5 eV, which is determined to be the optimum U parameter for this structure. In  Fig 7, it is clearly seen that PaO is characterized by a high spherical charge density distribution around the Pa and O ions and a low charge density in the interstitial region. Compared to the charge density in the interstitial region, relatively high density bridges are present between the atomic spheres. These bridges are an indication of weak covalent bonding between Pa and O atoms due to hybridization of oxygen 2p states with partially occupied Pa f and d states. Therefore, PaO is strongly ionic and weakly covalently bonded.
In the AFM PaO 2 crystal structure, the valence charge density is calculated at U = 2.0 eV, which is determined to be the optimum U parameter for this structure. In Fig. 8 , it is clearly seen that PaO 2 is characterized by high spherical charge density distribution around the Pa and O ions with a low charge density in the interstitial region. Compared to the charge density in the rest of the interstitial region there is a low presence of charge density bridges present between the atomic spheres. These bridges are an indication of weak covalent bonding between Pa and O atoms due to hybridization of oxygen 2p states with partially occupied Pa f and d states. The charge density around the Pa atom in PaO 2 structure is low compared to the PaO structure. This is an indication of stronger ionic character in AFM PaO 2 and weak covalent character compared to PaO system. Therefore, PaO 2 is predominantly ionic with significant insulating behavior.
Also, in Table IV , the f occupation for PaO 2 compared to PaO gives credence to the notion that PaO 2 is more ionic.
F. Band structure and density of states
The computed band structure and density of states (DOS) presented below is within GGA + U. The result obtained using LDA + U (with a large value of U) gives qualitatively similar results to GGA + U.
In Fig. 4 , we present the band structure and density of states of Pa metal calculated using GGA within the SOC scheme. The band structure and DOS clearly shows that Pa is metallic. The metallicity is largely determined by the Pa-f electrons and a slight contribution from Pa-d electrons, while the Pa-s and Pa-p electrons contribute to the deep lying states. While, the conduction band minimum is located at the R-point (0.0 0.5 0.5). In Table VI , the effect of tuning the U parameter on the band gap is tabulated. Increasing the U parameter leads to opening of the band gap at U = 2.0 eV. Subsequently, increasing the U parameter leads to a decrease in the band gap, which is accompanied by a change in the position of the conduction band minimum and valence band maximum.
The DOS for the PaO system using GGA + U is presented in Fig. 9 .We find that PaO using various exchange correlation functionals (GGA and LDA) and inclusion of the U parameter is a metallic system. The states around the Fermi level is dominated by the 5f-electrons, which effectively determine the metallicity of the PaO system as shown in Fig. 9 . The partial density of states as a function of change in the effective U parameter for the SOC and SP schemes provides an insight on the hybridization and magnetic nature of the system. In the SOC scheme, the PaO system undergoes hybridization and evolves from a magnetic ground state at U = 0 eV with total magnetization of 0.47 µ B to a NM metallic ground state as a function of U. In the SP scheme, the PaO system undergoes hybridization and evolves from a magnetic ground state at U= 0 eV with total magnetization of 0.51 µ B to a NM metallic ground state as a function of the U. This is consistent with its neighboring oxides ThO and UO. This observation for PaO with respect to GGA is consistent with LDA, hence the figures and data on LDA are not presented. The electronic structure of the early actinides dioxides (AO 2 , where A=Th, Pa, U, Np) all show insulating character. 23 The ground state of UO 2 and NpO 2 show varying degrees of magnetism, while ThO 2 is NM. These characteristics of U and Np are attributed to the partially occupied 5f electrons, which favors itinerancy for the early actinides. The PaO 2 system within the standard LDA and GGA approach (with SP or/and SOC scheme) is a metallic NM ground state. The inclusion of the Hubbard U parameter leads to band gap opening for the system using the SOC scheme (for GGA and LDA). Because the SOC splits the orbitals, thus allowing for a U induced orbital polarization that opens a gap. However, the U parameter does not lead to band gap opening using the SP scheme due to the negligence of relativistic effects. In the SOC and SP schemes, the coupling between the Pa (5f and 6d) electrons and the O (2p) electrons is important as presented in Fig. 11 .
As mentioned in the preamble, PaO 2 is a difficult system to study computationally due to the subtle nature of the electron correlation for this system. The DOS for an energy cutoff of 400 eV and 550 eV is shown in Fig. 10 and 11 to buttress this point. The lattice parameter of PaO 2 is fully converged as a function of the energy cutoff at 500 eV. Hence, a less converged energy cutoff (400 eV) and a fully converged energy cutoff (550 eV) are used to show the sensitivity of the U parameter. At an energy cutoff of 400 eV, tuning the U parameter leads to significant change in the band gap from 0.3 eV at U = 3.0 eV to 1.37 eV at U = 5.5 eV. At an energy cutoff of 550 eV, the converged U = 2 eV results in a band gap of 3.48 eV. Further tuning of the U parameter leads to a decrease in the band gap, which is shown in Table VI. The band gap obtained for U= 5.5 eV at an energy cutoff of 400 eV is consistent with the study by Prodan et al. and recently by Wen et al. 39 using the HSE hybrid exchange-correlation functional. Using U = 2.0 eV at a converged energy cutoff of 550 eV, the band gap obtained is 3.48 eV. This value is intermediate to that of ThO 2 (6.2 eV) and UO 2 (2.0 eV) which is consistent with the trend because it shows the onset of 5f electron occupation. The Pa 5f electrons determine the conduction band maximum and play a significant role in the electronic properties of these systems. The Pa f electrons are localized and result in insulating behavior. This corroborates other results where the crystal structure and the volume of actinides exhibit different bonding configurations. 17 
G. Energy of formation of PaO and PaO 2
The energy of formation for the oxides is calculated using equation 1. The total energy of the constituent elements is deducted from the total energy for the system (PaO or PaO 2 ). In Table V , we present the energy of formation for the oxides using the LDA + U and GGA + U within the SOC and SP schemes. The calculated energy of formation for PaO and PaO 2 using SOC is lower than that obtained with SP within the DFT + U (LDA and GGA). This implies that the SOC case is more energetically favorable than the SP case. The formation for PaO and PaO 2 is exothermic. This indicates that metallic Pa will oxidize in the presence of oxygen. The energy of formation of PaO 2 is lower than that of the PaO. The implication is that PaO readily oxidizes in the presence of oxygen to form the more energetically favorable di-oxide. Our theoretical results is in line with experimental observation, that the oxides are more favorable than the parent metal and that PaO 2 is more stable than PaO in the presence of oxygen. 15 
H. Phonon studies of PaO and PaO 2
The phonon dispersion for Pa, PaO and PaO 2 is calculated within the GGA (PBE) scheme. The lattice dynamics studies is not carried out for both the LDA and DFT + U scheme. This is because, the inclusion of U parameter does not lead to significant changes in the phonon frequency of these systems. The phonon dispersion calculated exploits the linearity relationship between the induced forces on the atoms in the crystal and the displacement of the atoms from their equilibrium position, which holds within the harmonic regime.
In Fig. 6a , no negative phonon modes for Pa are observed in the phonon dispersion plot, hence this structure is dynamically stable. The maximum frequency for the acoustic modes is about 4.5 THz due to the large mass of Pa atom which does not undergo significant perturbation.
In Fig. 6b , no negative phonon modes for PaO are observed in the phonon dispersion plot, hence this structure is dynamically stable. The low lying frequency modes are governed by the dynamics of heavy Pa atoms. The higher frequencies, on the other hand, are governed by the dynamics of the oxygen atoms which are much lighter compared to Pa atoms. The difference in the frequency of oxygen atoms compared to the Pa atoms is rather large. This suggests that instability in the system can arise from a small perturbation of the crystal structure.
In Fig. 6c , no negative phonon modes for PaO 2 are observed in the phonon dispersion plot, hence this structure is dynamically stable. The low lying frequency modes are governed by the dynamics of heavy Pa atoms, whereas the higher frequencies are governed by the dynamics of lighter oxygen atoms. The difference in the frequency of oxygen atoms compared to the Pa atoms is lower compared with PaO. This implies that the extra oxygen atom has led to the stabilization of the structure.
IV. CONCLUSIONS
The structural, mechanical and electronic properties of Pa have been studied within the DFT method. Inclusion of SP and SOC give an adequate description of this system. As far as the structural properties are concerned, the inclusion of the Hubbard U parameter is not relevant here. We determined that Pa is elastically and dynamically stable.
The structural, mechanical and electronic properties of PaO have been studied within the DFT + U approximation. The inclusion of SP and SOC gives an adequate description of this system. Our calculations show that the properties of this system can be described accurately with an effective U parameter of 2.5 eV within the GGA + U. The results using LDA + U were unsatisfactory. PaO is dynamically stable as shown by the phonon dispersion data. PaO is also stable to isotropic stress because of its positive bulk modulus. However, PaO has a low shear modulus. The charge density plot shows the presence of strong ionic bonding in this system. We conclude that PaO structure will readily oxidize to PaO 2 structure, which is the more stable form. This is in line with observed experimental results. The SOC inclusion together with the Hubbard U parameter is essential for the accurate determination of the total energy, electronic and magnetic properties of PaO 2 . Within the LDA + U (SOC scheme) at U = 4.0 eV, the lattice parameter is 5.501 Å, which is approximately equal to the experimental result. However, the results for the band gap and the energy of formation are found to be unsatisfactory within this scheme.
On the other hand, within the GGA + U (SOC scheme) at U = 2.0 eV, the lattice parameter is 5.553 eV, which is approximately 0.78 % above the experimental value. Within this scheme we derive accurate results for the electronic, elastic and mechanical properties of the system. This method predicts PaO 2 as an insulator with a band gap of 3.48 eV.
Hence, to obtain an accurate description of the PaO and PaO 2 , we have shown that the inclusion of the Hubbard U parameter is paramount. In general, the GGA is better suited for the incorporation of the Hubbard U parameter for these systems.
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